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Definition 1.1. A binary relation is a class R such that every element of R is a
pair.

1.1 Properties of relations

Reflexivity
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Definition 1.2. Let R be a binary relation and A be a class. R is reflexive on
A iff for all a € A we have (a,a) € R.
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Irreflexivity
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Definition 1.3. Let R be a binary relation and A be a class. R is irreflexive on
A iff for no a € A we have (a,a) € R.

Symmetry
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Definition 1.4. Let R be a binary relation and A be a class. R is symmetric
on A iff for all a,b € A if (a,b) € R then (b,a) € R.

Antisymmetry
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Definition 1.5. Let R be a binary relation and A be a class. R is antisymmetric
on A iff for all distinct a,b € A we have (a,b) ¢ R or (b,a) ¢ R.

Asymmetry
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Definition 1.6. Let R be a binary relation and A be a class. R is asymmetric
on A iff for all a,b € A if (a,b) € R then (b,a) ¢ R.

Transitivity
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Definition 1.7. Let R be a binary relation and A be a class. R is transitive on
A iff for all a,b,c € A if (a,b) € R and (b,¢) € R then (a,c) € R.
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Connectedness
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Definition 1.8. Let R be a binary relation and A be a class. R is connected on
A iff for all distinct a,b € A we have (a,b) € R or (b,a) € R.

Strong connectedness
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Definition 1.9. Let R be a binary relation and A be a class. R is strongly
connected on A iff for all a,b € A we have (a,b) € R or (b,a) € R.

1.2 Order relations

Preorders.
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Definition 1.10. Let A be a class. A preorder on A is a binary relation that is
reflexive on A and transitive on A.

Partial orders.
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Definition 1.11. Let A be a class. A partial order on A is a binary relation R
that is reflexive on A and antisymmetric on A and transitive on A.

Let A is partially ordered by R stand for R is a partial order on A.
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Strict partial orders.
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Definition 1.12. Let A be a class. A strict preorder on A is a binary relation
that is irreflexive on A and transitive on A.

Let A is strictly preordered by R stand for R is a strict preorder on A.
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Proposition 1.13. Let A be a class. Any strict preorder on A is antisymmetric
on A.

Let a strict partial order on A stand for a strict preorder on A. Let A is strictly
partially ordered by R stand for R is a strict partial order on A.

Total orders.

FOUNDATIONS_11_5872706501214208

Definition 1.14. Let A be a class. A total order on A is a partial order on A
that is connected on A.

Let A is totally ordered by R stand for R is a total order on A.

Let a linear order on A stand for a total order on A. Let A is linearly ordered by R
stand for R is a linear order on A.

Strict total orders.

FOUNDATIONS_11_5840248768561152

Definition 1.15. Let A be a class. A strict total order on A is a strict partial
order on A that is connected on A.

Let A is stritcly totally ordered by R stand for R is a strict total order on A.

Let a strict linear order on A stand for a strict total order on A. Let A is strictly
linearly ordered by R stand for R is a strict linear order on A.
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1.3 Well-founded relations
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Definition 1.16. Let A be a class and R be a binary relation. A least element
of A regarding R is an element a of A such that there exists no x € A such that
(z,a) € R.
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Definition 1.17. Let A be a class and R be a binary relation. R is wellfounded
on A iff every nonempty subclass of A has a least element regarding R.
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Definition 1.18. Let A be a class and R be a binary relation. R is strongly
wellfounded on A iff R is wellfounded on A and for all b € A there exists a set
X such that

X ={a€ A|(a,b) € R}
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Definition 1.19. Let A be a class. A wellorder on A is a strict linear order on
A that is wellfounded on A.
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Definition 1.20. Let A be a class. A strong wellorder on A is a strict linear
order on A that is strongly wellfounded on A.
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1.4 Epsilon induction
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Definition 1.21.

€ = {(a,x) | = is a set that contains a}.
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Proposition 1.22. € is strongly wellfounded on any system of sets.

Proof. Let X be a system of sets.

(1) € is wellfounded on X.
Proof. Let A be a nonempty subclass of X. Take an element x of A such that A and
x are disjoint. Then z is a least element of A regarding €. Indeed for any a € A if
a € x then a € ANz. Qed.

(2) For all z € X there exists a set Y such that Y = {y € X | (y,z) € €}.
Proof. Let x € X. Define Y ={y € X | (y,z) € €}. Then Y ={y € X | y € z}.
Hence Y is a subclass of . Thus Y is a set. Qed. O
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Corollary 1.23. Every nonempty system of sets has a least element regarding
&
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Proposition 1.24. Let ® be a class. (Induction hypothesis) Assume that for
all sets x if ® contains every element of x that is a set then ® contains z. Then
® contains every set.

Proof. Assume the contrary. Define M = {z | x is a set such that ¢ ®}. Then M
is nonempty. Hence we can take a least element = of M regarding €. Then z is a set
such that every element of = that is a set is contained in ®. Thus ® contains z (by
induction hypothesis). Contradiction. O
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