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Invertible maps and involutions
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1.1 Invertible maps
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Definition 1.1. Let f be a map. An inverse of f is a map g from range(f) to
dom(f) such that
f@)=b if g)=a

for all @ € dom(f) and all b € dom(g).
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Definition 1.2. Let f be a map. f is invertible iff f has an inverse.
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Lemma 1.3. Let f be a map and g, ¢’ be inverses of f. Then g = ¢'.

Proof. We have dom(g) = range(f) = dom(g’).
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Let us show that g(b) = ¢/(b) for all b € range(f). Let b € range(f). Take a = ¢'(b).
Then ¢g(b) = a iff f(a) =b. We have f(a) = b iff ¢’(b) = a. Thus g(b) = ¢’(b). End.
O
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Definition 1.4. Let f be an invertible map. f~! is the inverse of f.

Let f is involutory stand for f is the inverse of f. Let f is selfinverse stand for f is
the inverse of f.

1.2 Some basic facts about invertible maps
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Proposition 1.5. Let A, B be classes and f: A — Band g: B — A. Then g is
the inverse of f iff go f =idy and f o g =idp.

Proof. Case g is the inverse of f. We have dom(g o f) = dom(f) = A = dom(id ).
For all a € A we have (go f)(a) = g(f(a)) = a. Hence go f =id4.

We have dom(f o g) = dom(g) = B = dom(idp). For all b € B we have (f o g)(b) =
f(g(b)) =b. Hence fog=idg. End.

Case go f =ids and fog = idg. Then dom(g) = B = range(f) and range(g
A = dom(f). Let a € dom(f) and b € dom(g). If f(a) = b then g(b) = g(f(a)) =
(90 /(@) = ida(a) = a. Tt g(8) = a then f(a) = £(g(5)) = (f 0 )(b) = ids(B) = b
Hence f(a) = b iff g(b) = a. End. O
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Proposition 1.6. Let A, B be classes and f : A — B. Assume that f is
invertible. Then f~! is an invertible surjective map from B onto A such that

(F =1,

Proof. f~!is a map from B to A. Indeed range(f) = B and dom(f) = A. f~!is
surjective onto A. Indeed for any a € A we have f=(f(a)) = a. f~! is the inverse
of f. Thus fo f~! =idg and f~! o f =id4. Therefore f is the inverse of f=. [
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Proposition 1.7. Let A, B be classes and f : A — B. Assume that f is
invertible. Then

foft=idp
and
ffl of=idy.
Proof. f~! is a surjective map from B onto A . f~!is the inverse of f. O
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Proposition 1.8. Let A, B be classes and f: A — B and a € A. Assume that
f is invertible. Then
FH(f(a) = a

Proof. We have f=1(f(a)) = (f~to f)(a) =ida(a) = a. O

Proposition 1.9. Let A, B be classes and f: A — B and b € B. Assume that
f is invertible. Then
@) =0.

Proof. We have f(f~1(b)) = (fo f~1)(b) = idg(b) = b. O
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Proposition 1.10. Let A, B,C be classes and f : A - B and g : B — C.
Assume that f and g are invertible. Then g o f is invertible and

(gof)™t=f"log™h

Proof. f~!is a surjective map from B onto A. ¢! is a surjective map from C onto B.

Take h = f~* o g~!. Then h is a surjective map from C onto A (by proposition 8.9).
go fis a map from A to C.

Let us show that ((go f)oh) = idg. We have fo(f~tog™!) = (fof 1)og~!. Indeed
fo(f~tog™t)and (fof~')og=t are maps of C. foh is a map from C to B. Hence

(gof)oh

=go(foh)
=go(fo(fTtog™)
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=go((fof Hog™
=go(idgog™")
=gog™"
—idg.
End.

Let us show that ho (go f) =ids. We have (f"1og ) og= flo(g7tog). gof
is a map from A to C. Hence
ho(gof)

= (hog)o f
=((fTtog Hog)o
=(fto(gtog)o
= (f"toidg)of
=ftof

=idya .

f
f

—

End.

Thus A is the inverse of g o f. Indeed g o f is a surjective map from A onto C' and h
is a surjective map from C' onto A. O
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Proposition 1.11. Let A, B be classes and f : A - B and X C A. Assume
that f is invertible. Then f | X is invertible and

(f 127 =711 (ful X))

Proof. f | X is a surjective map from X onto f.(X). Take g = f=1 | (f«(X)). Then
g is a map of f.(X).

Let us show that X C range(g). Let a € X. Then f(a) € f.(X). Hence g(f(a)) =
f~1(f(a)) = a. Thus a is a value of g. End.

Let us show that range(g) C X. Let a € range(g). Take b € f.(X) such that a = g(b).
Take ¢ € X such that b= f(c). Thena = (f~! | (f+(X)))(b) = f~1(b) = f~1(f(c)) =
c. Hence a € X. End.

Hence range(g) = X. Thus g is a surjective map onto X.

Let us show that g((f | X)(a)) =a for all a € X. Let a € X. Then g((f [ X)(a)) =
9(f(a)) = (f 7 I (f(X)))(f(a)) = f~*(f(a)) = a. End.
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Let us show that ((f | X)(g(b))) =0bfor all b € f*(X) Let b € f.(X). Take a € X
such that b = f(a). We have g(b) = g(f(a)) = (f ! | (£f:(X)))(f(a)) = f71(f(a)) =
a. Hence (f [ X)(g(b)) = (f I X)(a) = f(a) = b. End.

Thus go (f [ X) =idx and (f [ X)og =idy, (x). Therefore g is the inverse of f [ X
O

b
=49
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Proposition 1.12. Let A, B be classes and f : A - B and Y C B. Assume
that f is invertible. Then

Proof. We have (f~1).(Y)={f"*(b)|beY}and f*(Y)={a€ A| f(a) € Y}.

Let us show that f*(Y) (f~ ) (Y). Let a € f*(Y). Take b € Y such that b = f(a).
Then f~1(b) = f~1(f(a)) = a. Hence a € (f71).(Y). End.

Let us show thatf (Y) f*(Y). Leta € f71(Y). Take b € Y such that a = f~1(b).
Then f(a) = f(f~1(b)) = b. Hence a € f*(Y). End. O
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Corollary 1.13. Let A, B be classes and f: A — B and b € B. Assume that f

is invertible. Then
ey = {1}

Proof. f*({b}) = fo'({b}). We have fr'({b}) = {f7'(c) | ¢ € {b}}. Hence
() = {0} H
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Proposition 1.14. Let A, B be classes and f : A — B. Then f is invertible iff
f is injective.

Proof. Case f is invertible. Let a,b € A. Assume f(a) = f(b). Then a = f~1(f(a)) =
F7Y(f(b)) = b. End.

Case f is injective. Define g(b) = “choose a € A such that f(a) =b in a” for b € B.
Then ¢ is a map from B to A. For all a € A we have a = g(f(a)). Hence g is a
surjective map from B onto A. For all a € A we have g(f(a)) = a. For all b € B we
have f(g(b)) = b. Hence g is the inverse of f. End. O
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Corollary 1.15. Let A, B be classes and f : A — B. Assume that f is invertible.
Then f~! is a bijection between B and A.

Proof. f~! is a surjective map from B onto A. f~! is invertible. Hence f~!
injective. Therefore f~! is a bijection between B and A. O

1.3 Involutions
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Definition 1.16. Let A be a class. An involution on A is a selfinverse map f
on A.
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Proposition 1.17. Let A be a class. id 4 is an involution on A.

Proof. We have id4 oid4 = id4. Hence id4 is selfinverse. O
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Proposition 1.18. Let A be a class and f, g be involutions on A. Then go f is
an involution on A iff go f = fog.

Proof. Case go f is an involution on A. Then (go f)™' = f~tog™! = fog. End.
Case gof=fog. fof, fogand fog are maps on A. Hence

(gof)o(gef)

=(gof)o(foy)

=((gof)of)oyg

=(go(fof))ey

=(goida)oyg

=g0°yg
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Thus g o f is selfinverse. End. O
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Corollary 1.19. Let A be a class and f be an involutions on A. Then f o f is
an involution on A.
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Proposition 1.20. Let A be a class and f be an involution on A. Then f is a
permutation of A.

Proof. f is an invertible map of A that surjects onto A. Hence f is a bijection between
A and A. Thus f is a permutation of A. O
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