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1.1 Definition of exponentiation
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Lemma 1.1. There exists a ¢ : N x N — N such that for all n € N we have
»(n,0) =1 and p(n,m+ 1) = p(n,m) -n for any m € N.

Proof. Take A = [N — N]. Define a(n) =1 for n € N. Then A is a set and a € A.
[skipfail on] Define f(g) = An € N.g(n) - n for g € A. [skipfail off]

Then f : A — A. Indeed f(g) is a map from N to N for any g € A. Consider a
1 : N = A such that ¢ is recursively defined by a and f (by ??). For any objects n, m
we have (n,m) € N x N iff n,m € N. Define ¢(n,m) = ¢»(m)(n) for (n,m) € N x N.
Then ¢ is a map from N X N to N. Indeed ¢(n,m) € N for all n,m € N.

(1) For all n € N we have ¢(n,0) = 1.

Proof. Let n € N. Then ¢(n,0) = ¥(0)(n) = a(0) = 1. Qed.

(2) For all n,m € N we have p(n,m + 1) = ¢(n,m) - n.

Proof. Let n,m € N. Then p(n,m+1) = ¢¥(m+1)(n) = f((m))(n) = ¥(m)(n) -n =
o(n,m) - n. Qed.
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Hence for all n € N we have ¢(n,0) =1 and p(n,m+1) = ¢(n,m) -n for any m € N.
O
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Lemma 1.2. Let ¢,¢’ : N x N — N. Assume that for all n € N we have
»(n,0) =1 and ¢(n,m + 1) = p(n,m) - n for any m € N. Assume that for all
n € N we have ¢/(n,0) =1 and ¢'(n,m+1) = ¢/'(n,m) - n for any m € N. Then
o=y

Proof. Define ® = {m € N | p(n,m) = ¢'(n,m) for all n € N}.

(1) 0 € ®@. Indeed ¢(n,0) =1 = ¢'(n,0) for all n € N.

(2) For all m € ® we have m+ 1 € ®.

Proof. Let m € ®. Then p(n,m) = ¢'(n,m) for all n € N. ¢(n,m), ¢'(n,m) are

natural numbers for all n € N. Hence ¢(n,m + 1) = p(n,m) -n = ¢'(n,m) -n =
¢'(n,m+ 1) for all n € N. Thus ¢(n,m+1) = ¢'(n,m+1) for all n € N. Qed.

Thus ® contains every natural number. Therefore p(n, m) = ¢'(n, m) for all n,m € N.
O

ARITHMETIC_13_3663815629602816

Definition 1.3. exp is the map from N x N to N such that for all n € N we have
exp(n,0) =1 and exp(n,m + 1) = exp(n,m) - n for any m € N.

Let n™ stand for exp(n,m).
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Lemma 1.4. Let n, m be natural numbers. Then (n,m) € dom(exp).
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Lemma 1.5. Let n, m be natural numbers. Then n™ is a natural number.
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Lemma 1.6. Let n be a natural number. Then n° = 1.
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Lemma 1.7. Let n, m be natural numbers. Then n™*! = n™ . n.

1.2 Computation laws

Exponentiation with 0, 1 and 2
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Proposition 1.8. Let n be a natural number. Assume n # 0. Then

0" =0.

Proof. Take a natural number m such that n = m+1. Then 0" = 0™+! =0™.0 = 0.

O
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Proposition 1.9. Let n be a natural number. Then
1" =1.
Proof. Define ® = {n’ e N |1" = 1}.
(1) @ contains 0.
(2) For all n’ € ® we have n’ + 1 € ®.
Proof. Let n’ € ®. Then 1" ! =17 -1 =1-1=1. Qed.
Hence every natural number is contained in ®. Thus 1™ = 1. O
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Proposition 1.10. Let n be a natural number. Then

n- =n.

Proof. We have n! =n0t1 =nl.n=1.n=n. O
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Proposition 1.11. Let n be a natural number. Then

n-=n-n.

Proof. We have n? =n't! =nl.n=n.n.

Sums as exponents
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Proposition 1.12. Let n, m, k be natural numbers. Then

kT = g g,

Proof. Define ® = {m/ € N | k»+™" = k» . g™},

(1) @ contains 0.
Indeed k"0 =k = k™ -1 = k" - kO,

(2) For all m’ € ® we have m’ +1 € ®.
Proof. Let m’ € ®. Then

kn+(m’+1)
— g(ntm)+1
=
= (k" k™) k
= k" (K™ - k)
= [ o [,
Qed.

Hence every natural number is contained in ®. Thus k"T™ = k™ .- k™.
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Products as exponents

nm~k — (nm)k-
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Proposition 1.13. Let n,m, k be natural numbers. Then

Proof. Define ® = {k' € N | n™* = (n™)¥'}.
(1) ® contains 0. Indeed (n™)° =1 = n® = nm?0.

(2) For all k¥’ € ® we have k' + 1 € ®.
Proof. Let k' € ®. Then

Qed.

Therefore every natural number is contained in ®. Consequently n™* = (n™)*.

Products as base

O

(n-m)* =nk.mk.
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Proposition 1.14. Let n,m, k be natural numbers. Then

Proof. Define ® = {k' e N| (n-m)¥ =n*¥ . m*'}.
(1) ® contains 0. Indeed ((n-m)?)=1=1-1=n""

(2) For all k' € ® we have k' +1 € ®.
Proof. Let £k’ € ®.

mP.

Let us show that (nk/ ~mk/) “(n-m)= (n’f/ ‘n) - (mk/ -m).
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Qed.
Hence ,
(n-m)k+1
= (n-m)" - (n-m)
= (0¥ -m*) - (n-m)
=" -n) - (m* -m)
— pF L
Qed.

Therefore every natural number is contained in ®. Consequently (n -m)* = n* . mF.

O

Zeroes of exponentiation
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Proposition 1.15. Let n, m be natural numbers. Then

n™ =0 iff (n=0and m #0).

Proof. Case n™ = 0. Define ® = {m/ € N | if n™ = 0 then n = 0 and m/ # 0}.
(1) ® contains 0. Indeed if n® = 0 then we have a contradiction.

(2) For all m’ € ® we have m’ +1 € ®.
Proof. Let m’ € ®.

Let us show that if ™'+ = 0 then n = 0 and m’ + 1 # 0. Assume n™ 1 = 0. Then
0=nm*t =n™ .n. Hence n™ =0orn=0. We have m’ +1 # 0 and if n™ =0
then n = 0. Hence n =0 and m’ + 1 # 0. End. Qed.

Thus every natural number is contained in ®. Consequently m € ®. Therefore n =0
and m # 0. End.

Case n = 0 and m # 0. Take a natural number k such that m = k& + 1. Then
nm =nktl=nk.n=0%.0=0. End. O
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1.3 Ordering and exponentiation
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Proposition 1.16. Let n, m, k be natural numbers. Assume k # 0. Then

n<m iff n*<mP.

Proof. Case n < m. Define ® = {k’ € N | if k' > 1 then n* < m*'}.
(1) ® contains 0.
(2) ® contains 1.

(3) @ contains 2.
Proof. Case n = 0 or m = 0. Obvious.

2 2

Case n,m #0. Thenn-n<n-m<m-m. Hencen®*=n-n<n-m<m-m=m".

End. Qed.

(4) For all &/ € ® we have k' +1 € ®.
Proof. Let k' € ®.

Let us show that if ¥ + 1 > 1 then n*'*! < m**1. Assume k' +1 > 1. Then
n* < mF . Indeed k' # 0 and ifk’ = 1 then n* < m"".

Case k' <1. Then ¥ =0or k' =1. Hence K’ +1=1or k' +1=2. Thus k¥’ +1 € .
Therefore n¥' t1 < m*¥+1. End.

Case k' > 1. Case n = 0. Then m # 0. Hence n*'t1 = 0 < m* - m = m**1. Thus
nP < mF+1 End.

Case n # 0. Then n* -n < mF -n < m* -m. Indeed n*" < m* # 0. Take A = n*'*!
and B=mF 1. Then A =n* "t =n*¥ .n <m* -n<m® -m=m*F+1 = B. Thus
nF 1+l = A < B=mF 1. End. End.

Hence n*'+1 < m¥+1, Indeed k' <1 or ¥’ > 1. End.

Thus £’ + 1 € . Qed.

Therefore every natural number is contained in ®. Consequently n* < mF. End.
Case n* < m*. Define ¥ = {k’ € N | if n. > m then n¥" > m*'}.

(1) ¥ contains 0.

(2) For all k' € ¥ we have k' +1 € W.
Proof. Let k’ € U.

Let us show that if n > m then n¥ *1 > m¥+1 Assume n > m. Then n* > mF.
Hence n* -n > m*F -n > m* -m. Take A = n* t1 and B = mF +1. Thus A = nk'+1 =
nF on>mF on>mF om =mF ! = B. Therefore n* 1 = A > B = m* t!. End.
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Hence k' +1 € ¥. Qed.

k k

Thus every natural number is contained in W. Therefore if n > m then n*® > m”.
[prover vampire] Consequently n < m. End. O
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Corollary 1.17. Let n, m, k be natural numbers. Assume k # 0. Then

n® =mF implies n=m.

Proof. Assume n* = m*. Suppose n # m. Then n < m or m < n. If n < m then

n® < mF. If m < n then m*F < n*. Thus n* # m”. Contradiction. O
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Corollary 1.18. Let n, m, k be natural numbers. Assume k # 0. Then

nfF<mF if n<m.

Proof. If n* < m* then n < m. If n* = mF then n = m.

If n < m then n* < mF. If n = m then n* = mF. O
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Proposition 1.19. Let n, m, k be natural numbers. Assume k > 1. Then

n<m iff kK" <k™.

Proof. Case n < m. Define ® = {m’ € N | if n < m’ then k™ < k™'}.
(1) @ contains 0.

(2) For all m' € ® we have m’ + 1 € ®.
Proof. Let m’ € ®.

Let us show that if n < m/ + 1 then k™ < k™ 1. Assume n < m’ + 1. Then n < m/.
We have k™ -1 < k™ - k. Indeed k™ # 0.

Casen =m'. Take A=k" and B = k™ +1. Then A = k" = k™ < k™ .k = k™' +1 =
B. Hence k" = A < B = k™ 1, End.

Casen < m/. Take A= k" and B = k™ *1. Then A = k" < k™ < k™ .k = k™' +1 =
B. Hence k" = A < B=k™ 1. End. Qed. Qed.

Hence every natural number is contained in ®. Thus k™ < £™. End.



1 Exponentiation

Case k" < k™. Define ¥ = {n’ € N | if n’ > m then k" > k™}.
(1) 0 is contained in V.

(2) For all n’ € U we have n’ +1 € U.
Proof. Let n' € 0.

Let us show that if n’ + 1 > m then k™ +1 > k™. Assume n/ + 1 > m.
Case n' +1 = m. Obvious.

Case n’ +1 > m. Then n’ > m. Hence k" > k™. We have k™ -1 < k" - k. Indeed
1<kand k"' #£0. Take A= k™ and B = k" +!. Then A = k™ < k" = k" -1 <
k"' -k =k"+1 = B. Hence k™ = A < B = k™!, End. Qed. Qed.

Thus every natural number is contained in W. Therefore if n > m then k™ > k™.
[prover vampire] Consequently n < m. End. O
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Corollary 1.20. Let n,m, k be natural numbers. Assume k& > 1. Then

kK™ =k™ implies n=m.

Proof. Assume k™ = k™. Suppose n # m. Then n < m or m < n. If n < m then
k™ < k™. If m < n then k™ < k™. Thus k™ # k™. Contradiction. O
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Corollary 1.21. Let n,m, k be natural numbers. Assume k& > 1. Then

n<m iff E"<Ek™.
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Proposition 1.22. Let n be a natural number. Then

(n+1)?=m*+(2-n))+ 1.

Proof. We have
(n+1)2

=n+1)-(n+1)
=(n+1)-n)+(n+1)
=((n-n)+n)+(n+1)
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=@’ +n)+ (n+1)
(n®+n)+n)+1
(n® + (n+n)) +1
(n®+(2-n)) + 1.
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Proposition 1.23. Let n be a natural number. Assume n > 3. Then

n?>(2-n)+1.

Proof. Define ® = {n’ € N>3 | n/? > (2-n/) + 1}.
(1) ® contains 3.

(2) For all n’ € ® we have n/ +1 € ®.
Proof. Let n’ € ®. Then n’ > 3.

(a) (n?+(2-n"))+1 > (((2:n')+1)+(2-n))+1. Indeed n'%+(2-n") > ((2:n')+1)+(2-n').

(b)) (2-n)+1D)+2-n)+1>(2-n)+ (2 -n))+1
Proof. We have ((2-n')+1)+(2-n') > (2-n') + (2-7n/). Indeed (2-n') +1>2-n/.
Qed.

(c)(2-(0+n))+1>(2-(n+1))+1.
Proof. We have n’ +n' >n’+1and 2# 0. Thus 2- (n' +n') > 2. (n' + 1) (by ??).
Indeed n’ +n’ and n’ + 1 are natural numbers. Qed.

Take A= (n’ +1)2 and B= (2 (n’ +1)) + 1. Then

A
= (n +1)?
=+ (2-n))+1
>(((2-n)Y+1)+(2-n)+1

> (@n)+ @) +1

=(2- (' +n)+1

>(2-(n+1)+1
= B.

Thus (n’ +1)2=A>B=(2-(n' +1))+ 1. Qed.
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Therefore ® contains every element of N>3 (by ??). Consequently n? > (2-n) + 1.
0
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